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In 2008, the International Mathematical Competition (IMC) was formed
from the merger of two contests. One of them was the World Youth
Mathematics Intercity Competition (WYMIC), described in [1]. It has
now become the Junior High School Division of the IMC.

The IMC is well supported by governments of participating countries
as well as academic and other non-profit institutions. There are no
registration fees, and all local expenses for all leaders and students, such
as room and board, transportation and official tours, are covered by the
host city. Payment is only required for accompanying persons, usually
parents or observers.

Apart from the contest sessions and the official tours, which are typical
of most of the competitions, the IMC proudly features a cultural evening
when participating teams give short performances highlighting their na-
tive heritage. Much mutual understanding and appreciation is fostered.
The IMC also organizes a public lecture for all leaders and students,
a seminar on mathematics education for the leaders, and a mechanical
puzzle carnival for the students.

There are two contests within the IMC, an Individual Contest and a
Team Contest. The Individual Contest is traditional, and its format
does not change from what was described for the WYMIC in [1]. The
main purpose of this paper is to present and discuss the Team Contest.
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Its format has been evolving, and has only become standardized in recent
years.

The primary intent of the Team Contest is to encourage the students
not to treat mathematics as well-versed algorithms and not to regard
mathematics as a solely solitary endeavour. We want them to enhance
their ability to have original thoughts and creative ideas. We also want
them to learn to work with one another.

There is no point in putting in the Team Contest only problems which are
just harder or longer than those in the Individual Contest. Naturally, we
cannot avoid including some such problems, but we want them to have
rather unorthodox settings, preferably with elegant ideas behind them.
We give four examples.

Problem 1. (from the 2010 Team Contest)
Determine all ordered triples (x, y, z) of positive real numbers such that
each of

x+
1

y
, y +

1

z
and z +

1

x

is an integer.

Problem 2. (from the 2012 Team Contest)
A positive real number is given. In each move, one can do one of the
following: add 3 to it, subtract 3 from it, multiply it by 3 and divide it
by 3. Determine all the numbers such that after exactly three moves,
the original number comes back.

Problem 3. (from the 2011 Team Contest)
Three avenues, of respective widths 15 m, 14 m and 13 m, converge on
Red Triangle in the outskirts of Moscow. Traffic is regulated by three
swinging gates hinged at the junction points of the three avenues. As
shown in the diagram below, the gates at A and B close off one avenue
while the gate at C is pushed aside to allow traffic between the other
two avenues through the Red Triangle. Calculate the lengths, in m, of
the three gates if each pair closes off one avenue exactly. (See Fig. 1.)
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Figure 1

Problem 4. (from the 2013 Team Contest)
Four different stamps are in a 2 × 2 block. The diagram below shows
the 13 different connected subblocks which can be obtained from this
block by removing 0 or more of the stamps. The shaded squares rep-
resent stamps that have been removed. How many different connected
subblocks of stamps can be obtained from a 2×4 block of eight different
stamps? (See Fig. 2, page 44.)

We also encourage students not to take competitions too seriously. So
we introduce problems with an element of play, which are unlikely to be
found in standard mathematics contests. We give six examples.

Problem 5. (from the 2007 Team Contest)
Four teams take part in a week-long tournament in which every team
plays every other team twice, and each team plays one game per day.
The diagram below on the left shows the final scoreboard, part of which
has broken off into four pieces, as shown on the diagram below on the
right. These pieces are printed only on one side. A black circle indicates
a victory and a white circle indicates a defeat. Which team wins the
tournament? (Problem 56 in [2].) (See Fig. 3, page 44.)
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Problem 6. (from the 2012 Team Contest)
Use straight and circular cuts to dissect a circle into congruent pieces.
There must be at least one piece which does not contain the centre of
the circle in its interior or on its perimeter.

Problem 7. (from the 2010 Team Contest)
Put each of the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 and
15 into a different one of the fifteen circles in the diagram below on the
left, so that

(1) for each circle, the sum of the numbers in it and in all circles
touching it is as given by the diagram below on the right;

(2) for each row except the first, the sum of the numbers in the circles
on it is as given by the diagram below on the right.
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Problem 8. (modified from the 2006 and 2012 Team Contests)
There are five tetrominoes, each consisting of four unit squares joined
edge to edge, as shown in the diagram below. They are called the I-, L-,
N-, O- and T-Tetrominoes respectively. When two pieces are put next
to each other, their unit squares must share an entire edge.

(a) Use two different pieces to construct a connected figure with reflec-
tional symmetry. Find seven solutions using different combinations
of pieces.
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(b) Use three different pieces to construct a connected figure with re-
flectional symmetry. Find five solutions using different combina-
tions of pieces.

(c) Use three different pieces to construct a figure with rotational
symmetry. Find one solution.

Problem 9. (from the 2002 Team Contest)
Robbie the robot is locked in a solar panel and must get out through
the hatch located at the central square of the panel, which is shaded.
Locked in with him are other dummy robots under his control. Each
robot is mobile, but it can only move along a row or a column directly
toward another robot, and can only stop when it bumps into the target
robot, stopping in the empty space in front. In each scenario, four moves
are allowed, where a continuous sequence of motions by the same robot
counts as one move. Robbie is denoted by R.
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As an example, C-D-A-B and R-D-A is a two-move solution to the above
scenario.
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Problem 10. (from the 2001 Team Contest)
There are seven shapes formed of three or four equilateral triangles
connected edge to edge, as shown in the 2× 5 chart below.
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For each of the numbered spaces in the chart, find a figure which can
be formed from copies of the shape at the head of the row, as well as
from copies of the shape at the head of the column. The pieces may
be rotated or reflected. The problem in Space 1 has been solved in the
diagram below as an example.
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Apart from contents, we also use the format of the Team Contest to
overcome another perceived problem. We have encountered teams with
superstars who dominate other teammates, often tackling the problems
all by themselves. In recent years, our Team Contest has had the
following structure.

There are ten problems to be solved within an hour. For odd-numbered
problems, only answers are required, but for even-numbered problems,
full solutions must be provided. In the first ten minutes, the four team
members are presented with the first eight problems. They will divide
them among themselves. Each must be responsible for at least one
problem. They may discuss the problems and share solving strategies,
but no writing is allowed at this stage.

For the next thirty-five minutes, the four team members go their separate
way and write down answers or solutions to the problems they have been
allotted. No communication among them is allowed at this stage. In the
last fifteen minutes, the four team members get back together and tackle
the last two problems jointly. This has worked well, but we are open to
further experimentation.

To give every team a chance of winning something, we divide the par-
ticipating teams into six groups at random. The top team in each group
wins a gold trophy. Each of the next two teams wins a silver trophy.
Each of the next three teams wins a bronze trophy. However, as the
number of teams in each group is usually greater than twelve, it is still
necessary to put out a creditable performance even if a team is drawn
into a relatively weak group. A second set of trophies is presented based
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on performance in the Individual Contest. The team score is the sum of
the best three of the individual scores.

For the Individual Contest itself, the number of recipients of gold, silver
and bronze medals are in the ratio 1:2:3, just as in the International
Mathematical Olympiad, but the total number of medalists is set at
two-fifths of the total number of contestants, rather than one-half. A
student among the top half of the non-medalists may receive a certificate
of merit.

A book by the three authors of this article, containing all problems of the
Individual and Team Contests from 1999 to 2013, will have been pub-
lished by the time this article appears. It is in English, and runs to over
350 pages. Inquiries may be directed to the Chiu Chang Mathematics
Publishers of Taiwan at ccmp@seed.net.tw.

References

[1] World Youth Mathematics Intercity Competition, Simon Chua,
Andy Liu and Bin Xiong, Mathematics Competitions, Volume 21,
Issue 1, June 2008, pages 10–31.

[2] Nob Yoshigahara, Thinking Power (in Japanese), 2003, pages 54
and 99. (ISBN 4-901981-23-4)

1 Appendix: Solutions to Problems

Problem 1.
Let x = a

b , y = c
d and z = e

f , where a and b are relatively prime positive

integers, as are c and d, and also e and f . Since x + 1
y = a

b + d
c is an

integer, we must have b = c. Similarly, d + e and f = a. Moreover, c
divides a + e so that it divides a + c + e. Similarly, e and a also divide
a + c + e. Since a, c and e are pairwise relatively prime, ace divides
a+ c+ e, so that acek = a+ c+ e for some positive integer k. We may
assume that e is the largest among a, c and e. Then acek = a+c+e ≤ 3e
so that ack ≤ 3. Suppose k = 3. Then a = c = 1 and 3e = e + 2 so
that e = 1. This leads to (x, y, z) = (1, 1, 1). Suppose k = 2. Since
2ac ≤ 3, we must still have a = c = 1. Then 2e = e + 2 so that e = 2.
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This leads to (x, y, z) = (1, 1
2 , 2) and its cyclic permutations (12 , 2, 1) and

(2, 1, 1
2 ). Finally, suppose k = 1. Since ac ≤ 3, one of a and c must be

1. Suppose a = 1 so that ce = c+ e+ 1. If c = 1, then e = e+ 2, which
is impossible. If c = 2, then 2e = e + 3 so that e = 3. This leads to
(x, y, z) = (12 ,

2
3 , 3) and its cyclic permutations (23 , 3,

1
2 ) and (3, 1

2 ,
2
3 ). If

c = 3, then 3e = e+ 4 so that e = 2, but this contradicts c ≤ e. If c = 1
instead of a = 1, then a = 2 and e = 3. This leads to (x, y, z) = (2, 1

3 ,
3
2 )

and its cyclic permutations (13 ,
3
2 , 2) and ( 32 , 2,

1
3 ).

Problem 2.
The operations of adding 3 and subtracting 3 are inverses of each other,
as are the operations of multiplying by 3 and dividing by 3. If the
same number is obtained after three operations, we can also achieve the
same result by performing the inverses of these operations in reverse
order. Since the number of operations is odd, we cannot perform only
additions and subtractions, nor can we perform only multiplications and
divisions. Let the given number be x. We consider two cases.
Case I: Only one operation is multiplication or division.
By symmetry, we may assume that this operation is multiplication.
There are three subcases.
Subcase I(a). The multiplication is the first operation.
The last two must both be subtractions. From 3x− 3− 3 = x, we have
x = 3.
Subcase I(b). The multiplication is the second operation.
If the first operation is addition, then the third operation cannot bring
the number back to x. Hence after two operations, we have 3(x− 3). If
the third operation is addition, we have 3(x−3)+3 = x and we get x = 3
again. If the third operation is subtraction, we have 3(x− 3)− 3 = x so
that x = 6.
Subcase I(c). The multiplication is the third operation.
The first two operations must both be subtractions. From 3(x−3−3) =
x, we have x = 9.
Case II. Only one operation is addition or subtraction.
By symmetry, we may assume that this operation is subtraction. There
are three subcases.
Subcase II(a). The subtraction is the first operation.
The last two operations must both be multiplications. From 3(3(x−3)) =
x, we have x = 27

8 .
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Subcase II(b). The subtraction is the second operation.
If the first operation is division, then the third operation cannot bring
the number back to x. Hence after two operations, we have 3x− 3. The
third operation must also be multiplication. From 3(3x − 3) = x, we
have x = 9

8 .
Subcase II(c). The subtraction is the third operation.
The first two operations must both be multiplications. From 3(3x)−3 =
x, we have x = 3

8 .
In summary, the possible values are 3

8 ,
9
8 ,

27
8 , 3, 6 and 9.

Problem 3.
Let the swinging gates at A, B and C be of lengths a, b and c m
respectively. Then a+ b = 15 m, b+ c = 14 m and c+ a = 13 m. Hence
2a = (a+ b) + (a+ c)− (b+ c) = 15 + 13− 14 = 14 m so that a = 7 m.
Similarly, b = 8 m and c = 6 m.

Poblem 4.
Consider the last column in a 2 × n block. Let the number of different
connected subblocks which contain both stamps be an, the number of
those which contains only the top stamp be bn, the number of those which
contain only the bottom stamp be cn, and the number of those which
contain neither stamps be dn. It is easy to see that a1 = b1 = c1 = 1
while d1 = 0. The diagram in the statement of the problem shows that
b2 = c2 = d2 = 3 while a2 = 4. For n ≥ 3, we can add a column of
two stamps to any connected subblock of the 2 × (n − 1) block, along
with the empty block. Hence we have an = an−1 + bn−1 + cn−1 + 1.
Similarly, bn = an−1 + bn−1 + 1, cn = an−1 + cn−1 + 1 as well as
dn = an−1 + bn−1 + cn−1 + dn−1. Using these recurrence relations, we
obtain a3 = 11, b3 = c3 = 8, d3 = 13, a4 = 28, b4 = c4 = 20 and d4 = 40.
It follows that the desired number is given by a4 + b4 + c4 + d4 = 108.

Problem 5.
When reconstructing the broken scoreboard, there are two positions
where the U-shaped piece can be placed, so as to leave room for the 3×2
rectangle. Once it is in place, the positions for the remaining pieces are
determined. They are placed so that there are two black circles and two
white circles in each column. There are two possibilities, as shown in
the diagrams below. In the former, A and B play C and D on Monday
and Saturday, A and D play B and C on Wednesday and Friday, while
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A and C play on Tuesday and Thursday. In the latter, A and B play C
and D on Monday and Saturday, A and D play B and C on Thursday
and Friday, while A and C play on Tuesday and Wednesday. In either
case, the winner of the tournament is Team C.
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Problem 6.
The diagram below shows a six-piece dissection in which every piece
contains the centre of the circle on its perimeters. Thus it is not a
solution. However, it is a good first step towards a solution.
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The second step of two different twelve-piece dissections are shown in
the diagram below.
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Problem 7.
Label the numbers as shown in the diagram below on the left. From
a+b+c = 24 and b+c = 21, we deduce that a = 3. From a+b+c+d+e =
43, a+b+c+e+f = 40 and d+e+f = 25, we have e = 10 so that d = 9
and f = 6. From d+g+h+k+� = 36, f+i+j+n+o = 45, g+h+i+j = 35
and k+�+m+n+o = 36, we havem = 5. From b+c+d+e+f+h+i = 60,
we have h+ i = 14. Now d+ e+g+h+ i+ �+m = 62. Hence g+ � = 24
so that k = 1. Similarly, e+f +h+ i+ j+m+n = 58. Hence j+n = 23
so that o = 4. From d+g+h+k+ � = 36, we have h = 2 so that i = 12.
From h+ i+ �+m+ n = 45, we have �+ n = 26. Since we have i = 12
already, one of � and n is 11 and the other is 15. Suppose � = 15. Then
g = 9, but we already have d = 9. Hence � = 11, g = 13, n = 15 and
j = 8. Finally, from c+ e+ f + i+ j = 50, we have c = 14 so that b = 7.
The completed diagram is shown below on the right.
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Problem 8.

(a) Seven constructions are shown in the diagram below, using the
combinations IL, LO, LN, LT, NT, IO and IT. For some combina-
tions, there are other constructions.

(b) Five constructions are shown in the diagram below, using the com-
binations LIN, LON, LIT, LNT and TIN. For some combinations,
there are other constructions.
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(c) A construction is shown in the diagram below, using the combina-
tion ION.
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Problem 9.
The moves are given below for each scenario.
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Problem 10.
The diagram below shows possible constructions for the problem in
Space 2.
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The diagram below shows possible constructions for the problem in
Space 3.
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The diagram below shows possible constructions for the problem in
Space 4.
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The diagram below shows a possible construction for the problem in
Space 5.
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The diagram below shows possible constructions for the problem in
Space 6.
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The diagram below shows possible constructions for the problem in
Space 7.
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The diagram below shows possible constructions for the problems in
Spaces 8 and 9.
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The diagram below on the next page shows a possible construction for
the problem in Space 10.
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Remark.
A polyiamond is a figure formed of many unit equilateral triangles joined
edge to edge. There is one moniamond, one diamond and one triamond.
The seven figures in our problem are the three tetriamonds and the four
pentiamonds. Two polyiamonds are said to be compatible if there exists
a figure which both can tile. There are twenty-one pairs of these seven
tetriamonds and pentiamonds, and all pairs are compatible except for
one, consisting of the two figures at the heads of the two rows in the
chart in the statement of the problem. We leave as exercises finding
possible constructions for the other ten compatible pairs.
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Polyominoes on a Multicoloured Infinite
Grid

Hans Hung-Hsun Yu

A polyomino is a figure consisting of unit squares joined edge to edge.
The polyominoes with 1, 2, 3, 4 and 5 squares are called monominoes,
dominoes, trominoes, tetrominoes and pentominoes, and their numbers
are 1, 1, 2, 5 and 12, respectively. They are shown in Figure 1.

Polyominoes have been made popular by Henry Dudeney [1], Solomon
Golomb [6] and Martin Gardner [2,3,4,5]. Fabulous acrylic sets may be
ordered from Kadon Enterprises at their website http://gamepuzzles.com.
Many fascinating problems are based on polyominoes, and they are also
the focus of our investigation.

We divide the infinite plane into unit squares by two sets of grid lines
which are mutually perpendicular and evenly spaced. Each square is to
be painted in some colour. For a given polyomino, we seek a scheme
using the minimum number of colours so that wherever the polyomino
is placed, as long as each of its squares covers one square of the grid, the
covered squares all have different colours. We now state this formally.

Problem.
For each polyomino, determine the minimum number n of colours for
which there exists an n-colour infinite grid so that wherever the poly-
omino is placed, the covered squares all have different colours.

For a polyomino consisting of n unit squares, clearly n colours are neces-
sary. Clearly, 1 colour is sufficient for the Monomino. The checkerboard
pattern extended to the infinite grid shows that 2 colours are sufficient
for the Domino. The 3-colour infinite grid in Figure 2 shows that 3
colours are sufficient for the I-Tromino.

For the V-Tromino, 3 colours are not sufficient. Consider a 2 × 2 grid.
If any 2 of its 4 squares have the same colour, the V-tromino can cover
both of them and violate the condition of the problem. This shows that
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Monomino, Domino, I- and V-Trominoes

I-, L-, N-, O- and T-Tetrominoes

F-, I-, L-, N-, P-, T-, U-, V-, W-, X-, Y- and Z-Pentominoes

Figure 1

n ≥ 4. The 4-colour infinite grid in Figure 3 shows that 4 colours are
sufficient for the V-Tromino.

We now turn our attention to the tetrominoes. Since each of them has
4 squares, n ≥ 4. The 4-colour infinite grid in Figure 3 establishes that
n = 4 for the N-Tetromino and the O-Tetromino, while the 4-colour
infinite grid in Figure 4 establishes that n = 4 for the I-Tetromino.
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1 2 3 1 2 3 1 2 3 1
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2 3 1 2 3 1 2 3 1 2
1 2 3 1 2 3 1 2 3 1

Figure 2

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

3 3 3 3 3

3 3 3 3 3

3 3 3 3 3

3 3 3 3 3

3 3 3 3 3

2 2 2 2 2

2 2 2 2 2

2 2 2 2 2

2 2 2 2 2

2 2 2 2 2

4 4 4 4 4

4 4 4 4 4

4 4 4 4 4

4 4 4 4 4

4 4 4 4 4

Figure 3

Consider the region in Figure 5 with 5 unit squares. Every two of them
may be covered by a suitable placement of the T-Tetromino. This shows
that n ≥ 5.
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1 1 1
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2 2
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3 3
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3 3 3
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3 3
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3 3 3
3 3 3

3 3
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4 4
4 4 4

4 4 4
4 4

4 4
4 4 4

4 4 4
4 4

4 4
4 4 4

Figure 4

Figure 5

Figure 6 shows a 5-colour infinite grid which establishes that n = 5 for
the T-Tetromino.

Consider the region in Figure 7, with 12 unit squares. Every two of
the 4 central squares may be covered by a suitable placement of the L-
Tetromino. Thus 4 colours, 1, 2, 3 and 4, are needed there. Moreover,
any of these squares and any of the peripheral squares may be covered
by a suitable placement of the L-Tetromio. Thus these 4 colours may
not be used again for the 8 peripheral squares. If only 7 colours are
available, then one of the 3 additional colours, say 5, must be used on at
least 3 peripheral squares. Paint any peripheral square in colour 5. We
may assume by symmetry that it is the one shown below. Then the 4
squares marked with crosses cannot be painted in colour 5. Now 2 of the
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5 2 3 4 1 5 2 3 4 1
3 4 1 5 2 3 4 1 5 2
1 5 2 3 4 1 5 2 3 4
2 3 4 1 5 2 3 4 1 5
4 1 5 2 3 4 1 5 2 3
5 2 3 4 1 5 2 3 4 1
3 4 1 5 2 3 4 1 5 2
1 5 2 3 4 1 5 2 3 4
2 3 4 1 5 2 3 4 1 5
4 1 5 2 3 4 1 5 2 3

Figure 6

3 blank squares must be in colour 5, but any 2 of them may be covered
by a suitable placement of the L-Tetromino. This shows that n ≥ 8.

���� 3 4
���� 1 2��

�
�
�

5��

Figure 7

Figure 8 shows an 8-colour infinite grid which establishes that n = 8 for
the L-Tetromino.

We conclude our investigation by studying the pentominoes. Since each
of them has 5 squares, n ≥ 5. The 5-colour infinite grid in Figure 6
establishes that n = 5 for the X-Pentomino, while the 5-colour infinite
grid in Figure 9 establishes that n = 5 for the I-Pentomino.

For the V- and Z-Pentominoes, consider a 3 × 3 grid. If any 2 of its 9
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5 2 3 4 1 5 2 3 4 1
3 4 1 5 2 3 4 1 5 2
1 5 2 3 4 1 5 2 3 4
2 3 4 1 5 2 3 4 1 5
4 1 5 2 3 4 1 5 2 3
5 2 3 4 1 5 2 3 4 1
3 4 1 5 2 3 4 1 5 2
1 5 2 3 4 1 5 2 3 4
2 3 4 1 5 2 3 4 1 5
4 1 5 2 3 4 1 5 2 3

Figure 6

3 blank squares must be in colour 5, but any 2 of them may be covered
by a suitable placement of the L-Tetromino. This shows that n ≥ 8.
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Figure 7

Figure 8 shows an 8-colour infinite grid which establishes that n = 8 for
the L-Tetromino.

We conclude our investigation by studying the pentominoes. Since each
of them has 5 squares, n ≥ 5. The 5-colour infinite grid in Figure 6
establishes that n = 5 for the X-Pentomino, while the 5-colour infinite
grid in Figure 9 establishes that n = 5 for the I-Pentomino.

For the V- and Z-Pentominoes, consider a 3 × 3 grid. If any 2 of its 9
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1 5 1 5 1

5 1 5 1 5

1 5 1 5 1

5 1 5 1 5

1 5 1 5 1

3 7 3 7 3

7 3 7 3 7

3 7 3 7 3

7 3 7 3 7

3 7 3 7 3

2 6 2 6 2

6 2 6 2 6

2 6 2 6 2

6 2 6 2 6

2 6 2 6 2

4 8 4 8 4

8 4 8 4 8

4 8 4 8 4

8 4 8 4 8

4 8 4 8 4

Figure 8

5 1 2 3 4 5 1 2 3 4
4 5 1 2 3 4 5 1 2 3
3 4 5 1 2 3 4 5 1 2
2 3 4 5 1 2 3 4 5 1
1 2 3 4 5 1 2 3 4 5
5 1 2 3 4 5 1 2 3 4
4 5 1 2 3 4 5 1 2 3
3 4 5 1 2 3 4 5 1 2
2 3 4 5 1 2 3 4 5 1
1 2 3 4 5 1 2 3 4 5

Figure 9

squares have the same colour, the V- or Z-Pentomino can cover both of
them and violate the condition of the problem. This shows that n ≥ 9.
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The 9-colour infinite grid in Figure 10 shows that 9 colours are sufficient
for the V- or Z-Pentomino.

1 2 3 1 2 3 1 2 3 1
7 8 9 7 8 9 7 8 9 7
4 5 6 4 5 6 4 5 6 4
1 2 3 1 2 3 1 2 3 1
7 8 9 7 8 9 7 8 9 7
4 5 6 4 5 6 4 5 6 4
1 2 3 1 2 3 1 2 3 1
7 8 9 7 8 9 7 8 9 7
4 5 6 4 5 6 4 5 6 4
1 2 3 1 2 3 1 2 3 1

Figure 10

We now consider the F-, L-, N-, P-, T-, U- and Y-Pentominoes as a
group. Each of them contains the L-Tetromino, so that n ≥ 8. The
8-colour infinite grid in Figure 8 establishes that n = 8 for all of them.

Consider the region in Figure 7. Every two of the 4 central squares may
be covered by a suitable placement of the W-Pentomino. Thus 4 colours,
1, 2, 3 and 4, are needed there. Moreover, if any of the 8 peripheral
squares are painted in any of these 4 colours, there is only one choice
for each of them, as shown in Figure 11. None of these 4 colours can
be used twice on the 8 peripheral squares, as those two squares may be
covered by a suitable placement of the W-Pentomino. By symmetry, we
may assume that the square marked 3 on the top row is painted in colour
5. Then neither of the peripheral squares marked 4 may be painted in
colour 5, and another colour is needed. This shows that n ≥ 6.

Figure 12 shows an 6-colour infinite grid which establishes that n = 6
for the W-Pentomino.
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3 4
1 2

1 2
4 3
2 1

3 4

Figure 11

1 2 1 2 1 2 1 2 1 2
5 6 5 6 5 6 5 6 5 6
3 4 3 4 3 4 3 4 3 4
1 2 1 2 1 2 1 2 1 2
5 6 5 6 5 6 5 6 5 6
3 4 3 4 3 4 3 4 3 4
1 2 1 2 1 2 1 2 1 2
5 6 5 6 5 6 5 6 5 6
3 4 3 4 3 4 3 4 3 4
1 2 1 2 1 2 1 2 1 2

Figure 12
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Tournament of Towns
Selected Problems, Fall 2013

Andy Liu

1. Can the ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9 be arranged in a row
so that no matter which six digits are removed, the remaining four
digits, without changing their order, form a composite number?

Solution by Wen-Hsien Sun:
Put 5 and the even digits in any order in the last six positions. If
any of them remains, then the four-digit number is either divisible
by 5 or by 2, and is hence composite. If all of them are removed,
then the digits 1, 3, 7 and 9, which are in the first four positions
in some order, must form a composite number. A simple way is to
arrange them in the order 1, 3, 9 and 7, because the number 1397
is divisible by 11, and is hence composite.

2. (a) Denote by (a, b) the greatest common divisor of a and b. Let
n be a positive integer such that (n, n + 1) < (n, n + 2) <
· · · < (n, n+ 35). Prove that (n, n+ 35) < (n, n+ 36).

(b) Denote by [a, b] the least common multiple of a and b. Let n
be a positive integer such that [n, n+ 1] > [n, n+ 2] > · · · >
[n, n+ 35]. Prove that [n, n+ 35] > [n, n+ 36].

Solution:

(a) Clearly, (n, n + 1) = 1. Hence (n, n + 2) ≥ 2. On the other
hand, since (n, n + 2) must divide (n + 2) − n = 2, we must
have (n, n+ 2) = 2. Similarly, (n, n+ k) = k for 3 ≤ k ≤ 35.
It follows that n is divisible by the least common multiple
of 2, 3, . . . , 35. In particular, n is divisible by 4 × 9 = 36,
which implies that n + 36 is also divisible by 36. It follows
that (n, n+ 36) = 36 > 35 = (n, n+ 35).

(b) Note that (a, b)[a, b] = ab. Since (n, n + 1) = 1, we have
[n, n+ 1] = n(n+ 1). If (n, n+ 2) = 1 also, then [n, n+ 2] =
n(n + 2) > n(n + 1) = [n, n + 1] is a contradiction. Hence
(n, n + 2) ≥ 2. On the other hand, since (n, n + 2) must
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divide (n + 2) − n = 2, we must have (n, n + 2) = 2 so that

[n, n + 2] = n(n+2)
2 . If (n, n + 3) ≤ 2, then [n, n + 3] ≥

n(n+3)
2 > n(n+2)

2 = [n, n+2]. Hence (n, n+3) = 3. Similarly,
(n, n + k) = k for 4 ≤ k ≤ 35. It follows that n is divisible
by the least common multiple of 2, 3, . . . , 35. In particular,
n is divisible by 4× 9 = 36, which implies that n+ 36 is also
divisible by 36. Hence (n, n + 36) = 36 and [n, n + 36] =
n(n+36)

36 < n(n+35)
35 = [n, n+ 35].

3. There are 100 red, 100 yellow and 100 green sticks. One can
construct a triangle using any three sticks of different colours.
Prove that we can choose one of the three colours and construct a
triangle using any three sticks of that colour.

Solution:
Let the shortest stick overall have length s, and we may assume
that it is red. Let the longest stick among the yellow and green
ones have length �, and we may assume that it is green. Then a
triangle can be formed using the red stick of length s, the green
stick of length � and any yellow stick. Let the lengths of any three
yellow sticks be x ≤ y ≤ z. Then x + y ≥ s + y > � ≥ z. Hence
they can form a triangle.

4. Let n be a positive integer such that 3n+ 1 is prime. When

1− 1

2
+

1

3
− 1

4
+ · · ·+ 1

2n− 1
− 1

2n

is expressed as an irreducible fraction, prove that the numerator is
a multiple of 3n+ 1.

Solution:
Note that n must be even, so that the number of integers from
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n+ 1 to 2n is even. We have

1− 1

2
+

1

3
− 1

4
+ · · ·+ 1

2n− 1
− 1

2n

= 1 +
1

2
+

1

3
+

1

4
+ · · ·+ 1

2n− 1
+

1

2n
− 2

(
1

2
+

1

4
+ · · ·+ 1

2n

)

=
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n− 1
+

1

2n

=

(
1

n+ 1
+

1

2n

)
+

(
1

n+ 2
+

1

2n− 1

)
+ · · ·+

(
1
3n
2

+
1

3n
2 + 1

)

= (3n+ 1)

(
1

2n(n+ 1)
+

1

(2n− 1)(n+ 2)
+ · · ·+ 1

( 3n2 + 1)( 3n2 )

)
.

When combined as a single fraction, the denominator is the least
common multiple of 2n(n+1), (2n−1)(n+2), . . . , 3n

2 ( 3n2 +1). All
of its factors are less than 3n+1. During the reduction process, the
factor 3n+ 1 in the numerator, being prime, cannot be cancelled.
When expressed as an irreducible fraction, the numerator is a
multiple of 3n+ 1.

5. In ABC, AB = AC. K and L are points on AB and AC respec-
tively such that AK = CL and ∠ALK + ∠LKB = 60◦. Prove
that KL = BC.

Solution:
Complete the equilateral triangle KLM , with M on the side of
the line AC opposite to B. Note that ∠ALM = 60◦ − ∠ALK =
∠LKB. Now AK = CL, KL = LM and we have ∠AKL = 180◦−
∠LKB = 180◦ − ∠ALM = ∠CLM . Hence triangles AKL and
CLM are congruent, so that AL = CM and ∠LAK = ∠MCL.
It follows that KB is parallel to MC, and KB = AB − AK =
AC−CL = AL = MC. Hence BCMK is a parallelogram, so that
KL = KM = BC.
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6. ABC is an arbitrary triangle. X is a point on the same side of the
line BC as A. Y is a point on the side of the line CA opposite
to B. Z is a point on the side of the line AB opposite to C. The
triangles XBC, Y AC and ZBA are similar, with X, B and C
corresponding to Y, A and C, and to Z, B and A respectively.
Prove that AYXZ is a parallelogram.

Solution:
Since triangle ZBA is similar to triangle XBC, ZB

XB = AB
CB and

∠ZBA = ∠XBC. Hence ∠ZBX = ∠ZBA+ ∠ABX = ∠XBC +
∠ABX = ∠ABC, so that triangle ZBX is similar to triangle
ABC. Similarly, triangle Y XC is also similar to triangle ABC. It
follows that XZ

ZB = AC
AB = CY

XY . On the other hand, triangle ZBA is

similar to triangle Y AC. Hence Y A
ZB = AC

AB = CY
ZA . It follows that

XZ = Y A and XY = ZA, so that AYXZ is a parallelogram.
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7. ABC is an equilateral triangle with centre O. A line through C
intersects the circumcircle of triangle BOA at points D and E.
Prove that A, O and the midpoints of BD and BE are concyclic.

Solution:
Extend BA to P so that BA = BP . Extend BO to cut CP
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6. ABC is an arbitrary triangle. X is a point on the same side of the
line BC as A. Y is a point on the side of the line CA opposite
to B. Z is a point on the side of the line AB opposite to C. The
triangles XBC, Y AC and ZBA are similar, with X, B and C
corresponding to Y, A and C, and to Z, B and A respectively.
Prove that AYXZ is a parallelogram.

Solution:
Since triangle ZBA is similar to triangle XBC, ZB

XB = AB
CB and

∠ZBA = ∠XBC. Hence ∠ZBX = ∠ZBA+ ∠ABX = ∠XBC +
∠ABX = ∠ABC, so that triangle ZBX is similar to triangle
ABC. Similarly, triangle Y XC is also similar to triangle ABC. It
follows that XZ

ZB = AC
AB = CY

XY . On the other hand, triangle ZBA is

similar to triangle Y AC. Hence Y A
ZB = AC

AB = CY
ZA . It follows that

XZ = Y A and XY = ZA, so that AYXZ is a parallelogram.
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7. ABC is an equilateral triangle with centre O. A line through C
intersects the circumcircle of triangle BOA at points D and E.
Prove that A, O and the midpoints of BD and BE are concyclic.

Solution:
Extend BA to P so that BA = BP . Extend BO to cut CP
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at Q. Extend CO to cut the circumcircle of BOA again at R.
Since ∠AOB = 120◦, ∠ARB = 60◦. Since OR is a diameter
perpendicular to AB, we have RA = RB, so that BAR is an
equilateral triangle. From AR = AB = AC = AP , ∠BCP =
90◦ = ∠CRP . Hence ∠RCP = 60◦ = ∠CRP , so that CPR
is also an equilateral triangle. Hence ∠OCQ = 60◦, and since
∠COQ = ∠BOR = 60◦, COQ is another equilateral triangle. It
follows that OQ = OC = OB and CQ ·CP = CO ·CR. Moreover,
CO · CR = CD · CE since OR and DE are both chords of the
circumcircle of BOA. Hence CQ · CP = CD · CE. This means
that P, Q, D and E all lie on the same circle. When this circle
is contracted towards B by a factor of 1

2 , the smaller circle passes
through A, O, the midpoint of BD and the midpoint of BE.
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8. Peter and Betty are playing a game with 10 stones in each of 11
piles. Peter moves first, and turns alternate thereafter. In his turn,
Peter must take 1, 2 or 3 stones from any one pile. In her turn,
Betty must take one stone from 1, 2 or 3 piles. Whoever takes
the last stone overall is the winner. Which player has a winning
strategy?

Solution by Yunhao Fu:
Draw an 11 × 11 grid, with each row representing a pile. Place
stones on (i, j) if and only if i �= j. Then there are 10 stones in
each of the 11 rows, none lying on the main diagonal where i = j.
The entire configuration is symmetric about this main diagonal.
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Betty’s strategy is to take (j, i) whenever Peter takes (i, j). By
symmetry, Betty gets the last stone and wins.

9. A spaceship lands on an asteroid, which is known to be either a
sphere or a cube. The spaceship sends out an explorer which crawls
on the surface of the asteroid. The explorer continuously transmits
its current position back to the the spaceship, until it reaches the
point which is symmetric to the landing site relative to the centre
of the asteroid. Thus the spaceship can trace the path along which
the explorer is moving. Can it happen that these data are not
sufficient for the spaceship to determine whether the asteroid is a
sphere or a cube?

Solution:
Suppose a sphere intersects each of the six faces of a cube in its
incircle. Then these six circles are hinged to one another at the
midpoints of the edges of the cube. If the spaceship lands at some
point on one of these circles, the destination is on the circle on
the opposite face. The explorer can get there by going from circle
to circle. Since its path lies on the intersection of the surfaces
of the cube and the sphere, the spaceship does not have enough
information to determine the shape of the asteroid.

10. Penny chooses an interior point of one of the 64 cells of a standard
chessboard. Basil draws a subboard consisting of one or more cells
such that its boundary is a single closed polygonal line which does
not intersect itself. Penny will then tell Basil whether the chosen
point is inside or outside this subboard. What is the minimum
number of times Basil has to do this in order to determine whether
the chosen point is black or white?

Solution by Yunhao Fu:
The diagram below shows two subboards which work. If the chosen
point is inside a white cell, it is either inside both subboards or
outside both subboards. If the chosen point is inside a black cell,
it is inside one subboard and outside the other subboard.
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Geometry has declined significantly as a component of high school math-
ematics syllabi over the last three decades. The reasons for this may be
complex, but my feedback is that the powers that be often failed to
see its relevance. It seems syllabus makers were looking at direct ap-
plication, and failed to see the real use, other than its contribution to
understanding space around us; that is its role in developing disciplined
thinking, which is of course a generic asset for any student.

Possibly we as mathematicians were our worst enemies in publicising
the subject. Those of us who loved and appreciated the subject were
all too happy to accept a delivery which to many nonbelievers was an
unattractive mystery. Text books were dry and there were not many of
them anyway capable of exposing the subject, certainly in the English
language. Of course there were some. The works by Coxeter (Intro-
duction to Geometry and Projective Geometry) and by Coxeter with
Greitzer (Geometry Revisited) were technical masterpieces, which took
the role of references for many mathematicians and training manuals
for younger students building up an armoury of skills and knowledge as
preparation for Olympiads. I also include the MAA books by Yaglom
on Transformations in this category.

Albeit, some of the more remote tools, such as the barycentric coor-
dinates devised by Möbius, while generally discussed in books such as
those of Coxeter, despite being revived in some quarters as valuable
modern-day problem solving tools, often became lost.
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It is very refreshing to see this new book on the market, which not only
gives a broad coverage on Euclidean Geometry, but also extends this
into other related or derivative topics. This book is primarily directed
at university students, assuming they have had limited exposure to
Euclidean Geometry at school and filling the void. The authors have
been teaching geometry at university, and this book is based on the
materials they developed.

The book does cover in its initial chapters the Euclidean topics of con-
gruence and similarity, a general coverage of the interesting aspects of
concurrence, area, the theorems of Ceva and Menelaus and a good num-
ber of miscellaneous topics such as the nine-point circle, Euler Line,
polygon construction and the Circle of Apollonius.

It then moves on to transformations, with the Euclidean transforma-
tions, rotations, reflections and translations, moving on to isometries,
symmetries, groups, homotheties and tessellations.

Finally topics move on to inversive and projective geometries, with chap-
ters on reciprocation and cross ratios.

The book is well laid-out, written in a useful explanatory style. Topics
challenging in other books are accessible here. A student who can master
this book will be very well equipped indeed, not just for the knowledge
in the book, but to be able self-explore deeper into the subject.

This book is designed as a text for a university course, however this is
also a must for all mathematicians who train students for Olympiads, not
only for their own reference, but also to help students in their training.
If one needs only a small number of geometry books for reference this
should at least be one of them.
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